Double parton distribution functions (DPDFs) are used in the QCD description of double parton scattering. The DPDFs evolve with hard scales through QCD evolution equations which obey nontrivial momentum and valence quark number sum rules. In the paper we discuss how to specify initial conditions for the evolution equations which exactly fulfill these sum rules. Based on the constructed numerical program, we also present results on evolution of such initial DPDFs.
I. INTRODUCTION
In high-energy hadron scattering the final state particles could be produced from two hard interactions in one collision. This process, called the double parton scattering (DPS), is viewed as two hard interactions of two pairs of partons from the scattering hadrons. The DPS is the simplest process in the analysis of multiparton interactions, studied for many years from both theoretical [1] [2] [3] [4] [5] [6] [7] [8] [9] [10] [11] [12] and phenomenological side [13] [14] [15] [16] [17] [18] . The experimental evidence of the DPS has been presented in [19] [20] [21] [22] .
The DPS processes allow to gain information on parton correlations by measuring the DPS cross section in high energy scattering of two hadrons A and B, given in the collinear approximation in the following form: In addition, Q 1,2 are two hard scales and N is a symmetry factor equal 1 for A = B and 2 otherwise. In our analysis we assume the factorized form of DPDFs, e.g.
with a universal form factor F A (b). The analysis of double parton scattering is crucial for better understanding of background for such processes * Electronic address: golec@ifj.edu.pl † Electronic address: emilia.lewandowska@ifj.edu.pl at the LHC like the Higgs boson production. Thus, it is very important to use a rigorous approach based on QCD evolution equations for double parton distributions [2, 5] .
In this presentation we address the problem whether it is possible to specify initial conditions for the evolution equations which exactly obey momentum and valence quark number sum rules.
II. PARTON DISTRIBUTION FUNCTIONS
In the single parton scattering (SPS), the hard part of final state is produced from only one hard partonparton interaction while in the double parton scattering two hard subprocesses occur. For the description of the SPS one uses the single parton distribution functions (sPDFs), D f (x, Q), while for the double parton scattering -the double parton distribution functions (DPDFs) are used, denoted from now on by D f1f2 (x 1 , x 2 , Q 1 , Q 2 ). The DPDFs depend on parton flavours f 1 , f 2 (including gluon), parton longitudinal momentum fractions x 1 , x 2 and two hard scales Q 1 , Q 2 . The momentum fractions obey the condition
which says that the sum of partons' momenta cannot exceed the total nucleon momentum. This is the basic parton correlation which has to be taken into account. For more advanced aspects of parton correlations see [12] .
III. EVOLUTION EQUATIONS
The general form of QCD evolution equations for the sPDFs is given by
with the evolution parameter t = ln(Q 2 /Q 2 0 ). The integral kernels K f f ′ (x, u, t) describe real and virtual parton (14) . The ratio should be equal to one if the sum rules are satisfied.
with the real part
and the virtual part, K V f (x, t), computed from the imposed momentum sum rule
P f f ′ in eq. (6) are splitting functions computed perturbatively in QCD in powers of the strong coulpling constant:
In this way, the well known DGLAP evolution equations for sPDFs are obtained. The evolution equations for the DPDFs are known only in the leading logarithmic approximation [2, 5] . For two equal hard scales, Q 1 = Q 2 , they are of the form (see e.g. [4] for more details):
The two integrals on the r.h.s. describe the DGLAP evolution of a single parton with the second parton treated as a spectator. This gives the upper integration limits resulting from condition (3). The third term describes splitting of a single parton into two partons. This is why it contains the sPDFs. Thus, eqs. (4) and (9) form a coupled set of equations which needs initial conditions for both the sPDFs and DPDFs.
IV. SUM RULES FOR DPDFS
The DGLAP evolution equations (4) obey the momentum sum rule (7), while the evolution equations (9) preserve the following momentum sum rule:
This relation can be understood by treating the ratio of the parton distributions under the integral as conditional probability to find parton f 1 with the momentum fraction x 1 , while the second parton is fixed. Thus, the total momentum fraction carried by partons f 1 equals (1−x 2 ). In this way, the momentum sum rule (10) relates the double and single PDFs for any value of t:
The valence quark number sum rule for the sPDFs has the well known form
where N i is the number of valence quarks q i . For the DPDFs, the analogous sum rule depends on flavour of the second parton f 2 (see [4, 23] for more details):
It is important to emphasize that the momentum and valence quark number sum rules are conserved by the evolution equations (4) and (9) once they are imposed at an initial value of the evolution parameter t 0 . If it is not done, the sum rules will not be satisfied during evolution.
V. INITIAL CONDITIONS
In order to solve eqs. (4) and (9) we need to specify initial conditions for both the sPDFs and DPDFs. The initial sPDFs can be taken from a well established parameterizations, e.g. from the LO MSTW parameterization [24] , which we use in the forthcoming analysis. However, the specification of input DPDFs needs nontrivial assumptions since a little is known about them from the performed up to know experiments. For practical reason, their form is built out of the existing sPDFs. For example, in [3, 4] the symmetric initial conditions with respect to the parton interchange were proposed:
where in the correlation factor, n 1,2 = 0 for sea quarks and n 1,2 = 0.5 for valence quarks. They are also positive definite provided the sPDFs are positive. In Fig.1 we show how the sum rules are fulfilled by ansatz (14), plotting the ratio of the r.h.s to l.h.s for eqs. (11) and (13), respectively. In the valence number sum rule q i = u and f 2 = g, u,ū (we also set n 1 = n 2 = 0 for simplicity).
The momentum sum rule is quite well satsified while the valence quark number sum rule is significantly violated.
The limiting values, 3/2 for f 2 =ū and 1/2 for f 2 = u, correspond to the values (N u ± 1)/N u for N u = 2, obtained from ansatz (14) for the plotted ratios. The case with n 1,2 = 0.5 for valence quarks leads to qualitatively similar results. Is it possible to construct an input which exactly fulfill the discussed sum rules? In order to obey the momentum sum rule (11) it is enough to postulate the following (we skip t 0 in the notation):
However, in order to fulfill the valence number sum rule (13) we have to introduce corrections for identical quark flavours/antiflavours, which do not spoil the already fulfilled momentum sum rule: (17) where f i ,f i ∈ {u,ū, d,d, s,s, . . .}. Unfortunately, we pay the price for such an ansatz -the DPDFs for identical flavours are not positive definite. For
and for all the existing parameterizations of sPDFs (14) (sym) and (15)- (17) (our).
to parton interchange. It seems that we cannot avoid such a situation in the construction with sPDFs. Thus, from now on we call our ansatz asymmetric. The graphical comparison of the symmetric and asymmetric inputs for the distributions x 1 x 2 D uu (x 1 , x 2 ) and
−3 is shown in Fig. 2 . The LO MSTW parameterization of sPDFs at Q 2 0 = 2 GeV 2 is used. We see that the two inputs are significantly different in the region of large x 1 . As expected, our D uu is negative for x 1 > 0.6. On the other hand, if both momentum fractions are small, x 1 , x 2 ≪ 1, the two parameterizations tend to the factorized form:
where f 1,2 denote quark flavours or gluon.
VI. EVOLUTION
In order to study the QCD evolution of the DPDFs we have constructed a numerical program based on Chebyshev polynomial expansion which solves eqs. (4) and (9). In Fig. 3 we show D uu and D uū from Fig. 2 evolved to Q 2 = 100 GeV 2 from the symmetric (14) and asymmetric (15)- (17) initial conditions. We see that D uu from the asymmetric input stays negative for large values of x 1 . For x 1 , x 2 ≪ 1, the two distributions are practically equal to each other.
It is an interesting question, whether the factorized form (19) still holds in the limit of small parton momentum fractions, x 1 , x 2 ≪ 1. Inspection of eqs. (9) reveals that in general the third, splitting term in these equations is responsible for the violation of factorization during the evolution. However, the scale of this violation depends on the numerical value of the splitting term in comparison to the values of the first two terms in eqs. (9) . The analysis with our numerical program shows that the violation is significant only for the splitting g → qq, due to a large value of the (single) gluon distribution g(x) in the small x limit. This is illustrated in Fig. 4 , where D uu and D uū evolved from the symmetric input to Q 2 = 100 GeV 2 are compared to the corresponding products of sPDFs: D u and Dū taken at the same scale. The effect of the violation of factorization for small x 1,2 is only seen for D uū , while for the distributions: D uu and D ug , Dū g , D gu , D gū (not shown here), relation (19) holds very well. The same conclusions are valid for the others quark flavours.
To avoid confusion, let us stress that factorization (19) is not expected at large values of the parton momentum fractions x 1,2 .
VII. SUMMARY
The specification of initial conditions for the QCD evolution of the DPDFs is not a simple task. Since a little is known about the DPDFs from experiments, we are bound to construct the initial conditions using the existing parameterizations of the sPDFs. Two forms were considered: the symmetric form which puts emphasis on positivity and parton exchange symmetry and the asymmetric form which exactly fulfills the momentum and quark number sum rules.
The price paid by the latter form is the lack of positivity for the quark double distributions Dat large values of the momentum fractions x 1 or x 2 and violation of parton exchange symmetry. On the other hand, the symmetric initial conditions strongly violate the quarks number sum rule. From a more phenomenological side, the factorized form (19) is conserved during the QCD evolution except for the distribution Dfor which the splitting contribution g →in the evolution equations (9) is quite important due to a large gluon distribution g(x) at small x. (14) compared to the corresponding products of the sPDFs Du and Dū (prod). The ratio of the two distributions is also shown for each case.
